.) In fact, as we explain below, significantly more was shown: it was proved that recursively enumerable subsets of integers and Diophantine subsets of integers were the same. We define these sets below. We now define Diophantine sets in a somewhat more general setting. 
(t 1 , . . . , t m ) ∈ A.
In this case we call p(T 1 , . . . , T m , X 1 , . . . , X k ) a Diophantine definition of A over R. Remark 1.4 . Diophantine sets can also be described as the sets existentially definable in R in the language of rings or as projections of algebraic sets.
Given the MDRP result we immediately obtain the following important corollary.
Corollary 1.5. There are undecidable Diophantine subsets of Z.
It is easy to see that the existence of undecidable Diophantine sets implies that no algorithm as requested by Hilbert exists. Indeed, suppose A ⊂ Z is an undecidable Diophantine set with a Diophantine definition P (T, X 1 , . . . , X k ). Assume also that we have an algorithm to determine the existence of integer solutions for polynomials. Now, let a ∈ Z and observe that a ∈ A if and only if P (a, X 1 , . . . , X K ) = 0 has solutions in Z k . So if we can answer Hilbert's question effectively, we can determine the membership in A effectively.
It is also not hard to see that Diophantine sets are recursively enumerable. Given a polynomial p(T,X ) we can effectively list all t ∈ Z such that p(t ,X ) = 0 has a solutionx ∈ Z k in the following fashion. Using a recursive listing of Z k+1 , we can plug each (k + 1)-tuple into p(T,X ) to see if the value is 0. Each time we get a zero we add the first element of the (k + 1)-tuple to the t -list.
Some Easy Facts or Getting Better Acquainted.
A Diophantine set does not have to be complicated: one of the simplest Diophantine sets is the set of even integers {t ∈ Z|∃w ∈ Z : t = 2w}.
To construct more complicated examples we need to establish some properties of Diophantine sets.
Lemma 1.6. Intersections and unions of Diophantine sets over Z are Diophantine.
Proof. Suppose P 1 (T,X ), P 2 (T,Ȳ ) are Diophantine definitions of subsets A 1 and A 2 of Z respectively over Z. In this case P 1 (T,X )P 2 (T,Ȳ )
is a Diophantine definition of A 1 ∪ A 2 , and P The fact that over Z an intersection of Diophantine sets is Diophantine is related to another important aspect of Diophantine equations over Z: a finite system of equations is always equivalent to a single equation in the sense that both the system and the equation have the same solutions over Z and in the sense that given a finite system of equations, the equivalent equation can be constructed effectively. We prove this assertion in the lemma below. In fact we can replace a finite system of polynomial equations by an equivalent single polynomial equation over any integral domain R whose fraction field is not algebraically closed.
Lemma 1.8 (Replacing Finitely Many by One over an Arbitrary Integral Domain ). Let R be any ring such that its fraction field K is not algebraically closed. In this case, any finite system of equations over R can be replaced by a single polynomial equation over R with identical R-solution set.
Proof. It is enough to consider the case of two equations: f (x 1 , . . . , x n ) = 0 and g (x 1 , . . . ,
i is a polynomial over R without any roots in K , then the polynomial
has solutions in K if and only if f (x 1 , . . . , x n ) = 0 and g (x 1 , . . . , x n ) = 0 have a common solution in K .
Remark 1.9. If the ring in question is recursive, i.e. there exists an injective map from the ring into Z such that the image of the ring is recursive and the ring operations are translated by recursive functions (functions whose graphs are recursive sets), then there exists a recursive function which can take the coefficients of the system equations as its inputs and output the coefficients of the corresponding single equation with the same solution set over the ring. For all the rings we consider in this exposition the construction of such a function, which would depend on a construction of an irreducible polynomial over the fraction field, is fairly straightforward. However, in general, the situation can be a lot more complicated.
We can use this property of finite systems to give more latitude to our Diophantine definitions Corollary 1.10. We can let the Diophantine definitions over Z consist of several polynomials without changing the nature of the relation.
One surprisingly useful tool for writing Diophantine definitions has to do with an elementary property of GCD's (greatest common divisors). The GCD's can be used to show that the set of non-zero integers is Diophantine and thus allow us to require that values of variables are not equal, as well as to perform "division" as will be shown later. On a more theoretical level we can say that the positive existential theory of Z is the same as the existential theory of Z.
Proposition 1.12. The set of non-zero integers has the following Diophantine definition over Z:
Proof. If t = 0, then either 2u − 1 = 0 or 3v − 1 = 0 has a solution in Z, which is impossible. Suppose now t = 0. Write t = t 2 t 3 , where t 2 is odd and t 3 ≡ 0 mod 3. Since (t 2 , 2) = 1 and (t 3 , 3) = 1, by a property of GCD there exist u, x u , v, x v ∈ Z such that 2u + t 2 x u = 1 and 3v + t 3 x v = 1.
Another important Diophantine definition allows us to convert inequalities into equations. Lemma 1.13 (Diophantine definition of the set of non-negative integers). From Lagrange's Theorem we get the following representation of non-negative integers:
3. Becoming More Ambitious. The questioned posed by Hilbert about the ring of integers can of course be asked about any recursive ring R: is there an algorithm, which if given an arbitrary polynomial equation in several variables with coefficients in R, can determine whether this equation has solutions in R? Arguably, the most prominent open questions in the area are the decidability of an analog of Hilbert's Tenth Problem for R = Q and R equal to the ring of integers of an arbitrary number field. The recent developments concerning these two problems are the main subjects of this exposition.
Before we proceed further with our discussion of HTP over Q we would like to point out that it is not hard to see that decidability of HTP over Z would imply decidability of HTP for Q. Indeed, suppose we knew how to determine whether solutions exist over Z. If Q(x 1 , . . . , x k ) is a polynomial with integer coefficients, then
where we remind the reader we can rewrite z 1 . . . z k = 0 as a polynomial equation and convert the resulting finite system of equations into a single one. So if we can determine whether the resulting equation had solutions over Z, we can determine whether the original equation had solutions over Q. Unfortunately, the reverse implication does not work: we don't know of any easy way to derive the undecidability of HTP over Q from the analogous result over integers. As a matter of fact, as we will see below we don't know of any way of deriving the undecidability of HTP over Q (we are not even sure the problem is undecidable over Q).
One of the earliest methods suggested for showing that HTP was undecidable over Q used Diophantine definitions. This idea can be summarized in the following lemma: Lemma 1.14. If Z has a Diophantine definition p(T,X ) over Q, then HTP is not decidable over Q.
Proof. Let h(T 1 , . . . , T l ) be a polynomial with rational integer coefficients and consider the following system of equations.
It is easy to see that h(T 1 , . . . , T l ) = 0 has solutions in Z if and only if system (1.1) has solutions in Q. Thus if HTP is decidable over Q, it is decidable over Z.
Unfortunately, the Diophantine definition plan quickly ran into problems.
2. COMPLICATIONS 2.1. Some Unpleasant Thoughts. In 1992 Barry Mazur formulated a series of conjectures which were to play an important role in the development of the subject (see [14] , [15] , [16] ). Before we state one of these conjectures, we need a definition. Mazur's conjecture also refers to projective varieties, but it is the affine variety case which has the most consequences for HTP over Q. We should also note that one can replace "variety" by "algebraic set" without changing the scope of the conjecture. (See Remark 11.1.2 of [33] .) As a matter of fact, if Conjecture 2.2 is true, no infinite and discrete (in the archimedean topology) set has a Diophantine definition over Q. The affine version of Mazur's conjecture can be thought of in the following manner. Suppose you are given a system of polynomial equations:
Think of solutions to this system as points in R k but consider only the points whose coordinates are rational numbers. In other words we are interested in the set
Now take the topological closure of RP in R k (i.e. the points plus the "boundary"). Mazur's conjecture asserts that the resulting set will have finitely many "connected pieces" also known as connected components. It is the finite number of these components that precludes Diophantine definability of infinite discrete subsets. It is not hard to see that sending Diophantine sets to Diophantine sets makes the map automatically recursive. The recursiveness of the map follows from the fact that the φ-image of the graph of addition is Diophantine and therefore is recursively enumerable (by the same argument as over Z). Thus, we have an effective listing of the set
Assume we have computed φ(r − 1) for some positive integer r . Now start listing D + until we come across a triple whose first two entries are φ(r −1) and φ (1) . The third element of the triple must be φ(r ). We can simplify the requirements for the map further.
Proposition 2.6. If R is a recursive ring and φ
: Z −→ R k is injective for some k ∈ Z >0 ,
then φ is a Diophantine model if and only if the images of the graphs of Z-addition and Z-multiplication are Diophantine over R.
This proposition can be proved by a straightforward induction argument which we do not reproduce here.
It quite easy to see that the following proposition holds.
Proposition 2.7. If R is a recursive ring with a Diophantine model of Z, then HTP has no solution over R.
Proof. If R has a Diophantine model of Z, then R has undecidable Diophantine sets, and the existence of undecidable Diophantine sets over R leads us to the undecidability of HTP over R in the same way as it happened over Z. To show that R has undecidable Diophantine sets, let A ⊂ Z be an undecidable Diophantine set and suppose we want to determine whether an integer n ∈ A. Instead of answering this question directly we can ask whether φ(n) ∈ φ(A). By assumption φ(n) is algorithmically computable. So if φ(A) is a computable subset of R, we have a contradiction.
It now follows that constructing a Diophantine model of Z over Q will solve our problem.
A Steep
Curve. An old plan for building a Diophantine model of Z over Q involved using elliptic curves. Consider an equation of the form:
where a, b ∈ Q and ∆ = −16(4a 3 + 27b 2 ) = 0. This equation defines an elliptic curve (a nonsingular plane curve of genus 1). Figure 1 is the graph of such an elliptic curve y 2 = x 3 − 2x + 1 generated using Maple.
All the points (x, y) ∈ Q 2 satisfying (2.3) (if any) together with O -the "point at infinity" form an abelian group, i.e. there is a way to define addition on the points of an elliptic curve with O serving as the identity. The group law on an elliptic curve can be represented geometrically (see for example [36] [Chapter III, §3]). However, what is important to us is the algebraic representation of the group law. Let P = (x P , y P ),Q = (x Q , y Q ), R = (x R , y R ) be the points on an elliptic curve E with rational coordinates. If 4 ) are fixed (somewhat unpleasant looking) rational functions. Further, −P = (x P , −y P ). Mordell-Weill Theorem (see [36] [Chapter III]) tells us that the abelian group formed by points of an elliptic curve over Q is finitely generated, meaning it has a finite rank and a finite torsion subgroup. It is also not very difficult to find elliptic curves whose rank is one. So let E be such an elliptic curve defined over Q such that E (Q) ∼ = Z as abelian groups. (In other words E (Q) has no torsion points. In practice torsion points are not an impediment, but they do complicate the discussion.) Let P 1 be a generator and consider a map sending an integer n = 0 to [n]P = (x n , y n ). (We should also take care of 0, but we will ignore this issue for the moment.) The group law assures us that under this map the image of the graph of addition is Diophantine. Unfortunately, it is not clear what happens to the image of the graph of multiplication. Nevertheless one might think that we have a starting point at least for our Diophantine model of Z. Unfortunately, it turns out that situation with Diophantine models is not any better than with Diophantine definitions.
More Bad News.
A new piece of bad news came in the guise of a theorem of Cornelissen and Zahidi (see [3] ).
Theorem 2.8. If Mazur's conjecture on topology of rational points holds, then there is no Diophantine model of Z over Q.
This theorem left HTP over Q completely unapproachable. It is often the case that faced with intractable difficulties, mathematicians escape by changing the problem. Depending on one's point of view of the subject one could consider changing the problem in different ways: a number theorist might consider changing the object or possibly summon a big conjecture for assistance; a logician might reconsider the ban on all universal quantifiers. Perhaps one or two should be allowed back. As it turned out all these paths were explored. Below we describe these new problems starting with the ones which considered alternate objects.
3. BIG AND SMALL 3.1. The Rings between Z and Q. The new objects which were introduced into the subject were the rings "in between" Z and Q. 
The big and small rings are not hard to construct. :
Given a big or a small ring R we can now ask the following questions which were raised above with respect to Q:
• Is HTP solvable over R?
• Do integers have a Diophantine definition over R?
• Is there a Diophantine model of integers over R?
While the answers to these questions are interesting on their own right, the hope (possibly unjustified) is that understanding the big rings will eventually lead us to Q.
Diophantine Properties of Big and Small Rings.
Before trying to answer the questions above, one should observe that the big and small rings share many Diophantine properties with the integers: Proposition 3.5.
(1) 4 ∧ x 5 = 0} It turned out that we already knew everything we needed to know about small rings from the work of Julia Robinson (see [25] ). In particular from her work on the first-order definability of integers over Q one can deduce the following theorem and corollary. • Z has a Diophantine model over O Q,S .
• Hilbert's Tenth Problem is undecidable over O Q,S .
Poonen used elliptic curves to prove his result but the model he constructed was very different from the one envisioned by the old elliptic curve plan we described earlier. Poonen modeled integers by approximation. The construction of the model does start with an elliptic curve of rank one
selected so that for a set of primes S , except possibly for finitely many points, the only multiples of a generator P that have their affine coordinates in the ring O Q,S are in the sequence
We remind the reader that we know how to define positive numbers using a variation on Lagrange's theme (Proposition 3.5) and how to get rid of a finite set of undesirable values such as points of finite order (just say " =" as in Proposition 3.5 again). We claim that φ : j −→ y j is a Diophantine model of Z >0 . In other words we claim that φ is an injection and the following sets are Diophantine:
.) It is easy to show that
and with the help of Lagrange this makes D + Diophantine. Similarly we have that
To restrict the number of solutions to the elliptic curve equation, Poonen's construction relied to a large extent on the fact that the denominators of the coordinates of points on an elliptic curve which are multiples of a single point form a divisibility sequence: an integer sequence {a n } is called a divisibility sequence if n|m implies a n |a m (see Chapter 4 and Chapter 10 of [11] for a discussion of such sequences and see the discussion of the formal group of an elliptic curve in Chapter 4 of [36] for an explanation of why the denominators form a divisibility sequence). We now take a closer look at these denominators.
The Denominators of Points on an Elliptic Curve.
Let E be an elliptic curve as in (4.4), fix a point of infinite order P 1 = (x 1 , y 1 ) on the curve and let P n = (x n , y n ) = [n]P 1 be the n-th multiple of P 1 for a non-zero integer n. In the notation above, using properties of elliptic curves one can show with various degrees of difficulty that the following statements are true:
• The same primes divide the (reduced) denominators of x n and y n , and therefore we can speak about primes dividing the "denominator" of P n . (This follows from looking at the elliptic curve equation we use.) • For all n sufficiently large in absolute value, it is the case that P n has a primitive divisor, i.e. a prime dividing the "denominator" of P n but not the "denominator" of any P m with |m| < |n|. Denote the largest primitive divisor of P n by p n . We call p n an an indicator prime. (This can be deduced from the rate of growth of denominators relative to the rate of growth of the exponents of the primes dividing the denominators.) • (denom(x n ), denom(x m )) = denom(x (m,n) ) for sufficiently large |m| and |n| and therefore denom(x m ) divides denom(x n ) if and only if m divides n (again for sufficiently large |m| and |n|). (This property uses the existence of primitive divisors as well as the fact that the denominators form a divisibility sequence.) • Poonen showed that the set {p : is a prime numer } has natural density equal to 0.
(This density result was proved using some results of Serre and was probably the most technically challenging part of Poonen's paper.) Now it is not hard to see that if p is not allowed in the denominators of the elements of our big ring, then the coordinates of the point [ ]P 1 = (x , y ) will not be solutions to the elliptic curve curve equation in our ring. Further, we will also exclude all the multiples of this point but will not affect the points whose indices are prime to . This is the principal mechanism for controlling which solutions to the elliptic curve equation appear in our ring.
In a 2009 paper (see [10] ) Eisenträger and Everest extended Poonen's method to prove a theorem concerning sets of complementary primes. If P is the set of all primes of Q, then two subsets T , S ⊂ P are exactly complementary if S ∪ T = P and S ∩ T = . We state this theorem below. 
OLD DREAMS DIE HARD
So what about the old plan for modeling Z using indices of elliptic curve points? As it turns out the old plan can be resurrected but not exactly as intended. We remind the reader that the stumbling block for that plan was showing that the set {(x n , y n ), (x m , y m ), (x nm , y nm )} was Diophantine over Q, where (x n , y n ) are the affine coordinates of an n-th multiple of a generator of an elliptic curve of rank one over Q. (See Section 2.3.) We manage to make this set Diophantine but only over some very big rings. To do this we modify Poonen's idea by not inverting any indicator primes p . In this case no point of the elliptic curve has coordinates in our ring and we have to represent a point by a quadruple of numerators and denominators. While this is more awkward, we can derive some benefits. 
(See [27] .) We outline the proof under some simplifying assumptions. Let E as before be an elliptic curve of rank one defined over Q and let E (Q) be the set of all the points of the curve with rational coordinates together with O -the point at infinity. For a generator P of E (Q), for n ∈ Z =0 , we let
(We are still using a (Weierstrass) equation of our elliptic curve of the form y 2 = x 3 + ax +b.) We assume that every non-trivial multiple of the generator P has an odd primitive divisor, i.e. for every n ∈ Z =0,±1 there exists a prime p = 2 such that p|V n but p |V m for any m with |m| < |n|. We also assume that coordinates of P are integers. A point P n will now be represented by a quadruple (A n , B n ,C n , D n ) of elements in our ring and this representation will not be unique because while it is possible to require that a numerator and the denominator are relatively prime in our big ring, big rings in general have infinitely many units and this will stand in a way of a unique representation of a point. In our big ring we do not invert the set V = {The largest odd primitive prime factor p i of V i }, where runs through all the prime numbers and i ∈ Z >0 . Not inverting these primes will ensure that denom(x m ) divides denom(x n ) if and only if m divides n. We invert all the other primes. In the resulting big ring we now have that
More work is required to get rid of the absolute values and to remove the relative primeness condition, but that task can be accomplished with standard methods. Given that each point of the elliptic curve has infinitely many quadruples representing it we cannot construct a Diophantine model of Z (or show that Z is existentially definably interpretable in O Q,W ) as above. 
are Diophantine over R. In this case we say that R has a class Diophantine model of Z.
It is not hard to show that the rings with class Diophantine models of Z have undecidable Diophantine sets, just as the rings with Diophantine models of Z. As as result of our ability to give a Diophantine definition of multiplication of indices we can construct a class Diophantine model of Z over a class of big subrings of Q not covered by the results of Poonen or Eisenträger and Everest.
Corollary 5.3. In the notation above, for n
= 0 let φ(n) = [(U m 0 n , X m 0 n ,V m 0 n , Y m 0 n )], the equiv- alence class of (U m 0 n , X m 0 n ,V m 0 n , Y m 0 n ) under
the equivalence relation described below, where
We have now pretty much covered the state of existential affairs and it is time to return to the issue of lifting the ban on a few universal quantifiers. One could interpret this as a sign of surrender in the face of the overwhelming enemy (i.e. HTP for Q), but we prefer a more optimistic interpretation: a gradual gathering of forces.
MATTERS OF THE FIRST ORDER OR BACK TO THE FUTURE
The result defining integers over Q using the "full force" of the first-order language is pretty old and belongs to Julia Robinson. [25] .) Julia Robinson used quadratic forms and Hasse-Minkwoski Theorem to prove her theorem and in the process produced an existential definition over Q of the set
Theorem 6.1 (Julia Robinson). Z is first-order definable over Q. (See
for any given prime q. It is this existential definition and the fact that we can "simulate" the denominators because we can define the set of non-zero elements of any small ring, that allowed us to conclude that Z was existentially definable over small rings.
In a 2007 paper Cornelissen and Zahidi analyzed Julia Robinson's formula and showed that it can be converted to a formula of the form (∀∃∀∃)(F = 0) where the ∀-quantifiers run over a total of 8 variables, and where F is a polynomial. They also were the first ones to consider optimizing Julia Robinson's result using elliptic divisibility sequences: Theorem 6.2 (Cornelissen and Zahidi). Assuming a (heuristically plausible) conjecture concerning denominators of points on elliptic curves over Q, there exists a first-order model of Z over Q using just one universal quantifier. (See [4] .)
And so a conjecture makes its appearance to help push a result along, though not yet a famous conjecture.
In a 2007 paper (see [2] ), using elliptic curves along the lines of Poonen's method and results of Julia Robinson, Cornelissen and the author showed that one could define Z over a large subring of Q using two universal quantifiers. Continuing further down this road, in 2008 Poonen in [23] produced an unconditional improvement of the first-order definition of integers over Q and over some big rings.
Theorem 6.3.
• Z is definable over Q using just two universal quantifiers in a ∀∃-formula.
• For any ε > 0, there exists a set of rational primes W Q of natural density greater than 1 − ε such that Z is definable using just one quantifier in a ∀∃-formula over O Q,W Q .
Poonen used quadratic forms, quaternions and the Hasse Norm Principle. His definition of Z over Q is simple enough to be reproduced here: the set Z equals the set of t ∈ Q for which the following formula is true over Q: To summarize the discussion so far we can conceive of the following big definability project partly discussed already in Section 3.1. Question 6.6. For which big subrings of Q is the following true?
• Z is existentially definable.
• Z has an existential model.
• Z is definable using one universal quantifier.
Remark 6.7. If we start counting the number of quantifiers we use, definability results over the field will no longer automatically imply the analogous definability results for the subrings. Thus Koenigsman's result for Q does not automatically answer the question about the big subrings in general.
We now briefly consider the progress made on the other arguably most interesting problem in the area: the Diophantine (un)decidability of the rings of integers of number fields.
MEANWHILE IN A GALAXY NOT FAR AWAY
We start with a review of some terms.
• A number field is a finite extension of Q.
• A totally real number field is a number field all of whose embeddings into its algebraic closure are real.
• A ring of integers O K of a number field K is the set of all elements of the number field satisfying monic irreducible polynomials over Z or alternatively the integral closure of Z in the number field.
• A prime of a number field K is a prime ideal of O K . If x = 0 and x ∈ O K , then for any prime p of K there exists a non-negative integer m such that x ∈ p m but x ∈ p m+1 . We call m the order of x at p and write m = ord p x. If y ∈ K and y = 0, we write y =
, where x 1 , x 2 ∈ O K with x 1 x 2 = 0, and define ord p y = ord p x 1 − ord p x 2 . This definition is not dependent on the choice of x 1 and x 2 which are of course not unique. We define ord p 0 = ∞ for any prime p of K .
• Any prime ideal p of O K is maximal and the residue classes of O K modulo p form a field.
This field is always finite and its size (a power of a rational prime number) is call the norm of p denoted by Np.
• If W is a set of primes of K , its natural density is defined to be the following limit if it exists:
• Let K be a number field and let W be a set of primes of K . Let O K ,W be the following subring of K .
If W is finite, we call the ring small (or the ring of W -integers). If W is infinite, we call the ring large, and if the natural density of W is one, we call the ring "very large". These rings are the counterparts of the "in between" subrings of Q.
The state of knowledge concerning the rings of integers is summarized in the theorem below. We also have several results concerning big rings in number fields. Note that in the big rings below we actually give a Diophantine definition of Z.
Theorem 7.2. Let K be a number field satisfying one of the following conditions:
• K is a totally real field.
• K is an extension of degree 2 of a totally real field.
• There exists an elliptic curve E defined over Q such that [E (K ) : E (Q)] < ∞.
Let ε > 0 be given. Then there exists a set S of non-archimedean primes of K such that
• Z is Diophantine over O K ,S .
• HTP is unsolvable over O K ,S .
(See [29] , [30] , [32] , [34] , [35] .)
Over very large subrings, as was the case over Q, we have Diophantine models of Z only. The first theorem is a number field version of Poonen's method for Q. However the situation is more complicated over a number field and instead of constructing a model of Z by "approximation", what is constructed here is a model of a subset of the rational integers over which one can construct a model of Z. In short, one constructs a "model of a model". 
Z has a class Diophantine model, and HTP is unsolvable over this ring. See [27] Theorems 7.1 -7.4 have an elliptic curve assumption in their statements. These assumptions come in two flavors: an existence of a rank one elliptic curve over a field in question and an assumption concerning an elliptic curve of positive rank, not changing its rank in a finite extension. The rank one assumption is pretty straightforward but the "positive stable rank" assumption can be modified. It is not hard to show that it is enough to have a "positive stable rank" phenomenon for every cyclic extension of prime degree to obtain a Diophantine definition of Z over the ring of integers of any number field. The reduction takes place in several steps.
(1) Let K be a number field and let O K be the ring of integers of K . Further, let M be the In the case of big rings the same kind of reductions also work, but an extra effort is required to make sure the sets of primes allowed in the denominators have the right density. For a general discussion of reductions of this sort see [31] and Chapter 2 of [33] .
Unfortunately as of now we do not have unconditional results asserting the existence of required elliptic curves, but with a "little help" from this time a famous conjecture we do have the following recent result by Mazur and Rubin. [17] .)
Theorem 7.5. Suppose L/K is a cyclic extension of prime degree of number fields. If the ShafarevichTate Conjecture is true for K , then there is an elliptic curve E over K with rank(E(L)) = rank(E(K)) = 1. (See
As discussed above, this theorem has quite a few consequences. • Z has a Diophantine definition over the ring of integers of any number field K .
• For any number field K and any ε > 0, there exists a set S of non-archimedean primes of K such that the natural density of S is greater 1 −
[K : Q]
− ε and Z is Diophantine over O K ,S .
• For any number field K , there exists a set of primes S of natural density 1 such that Z has a Diophantine model over O K ,S .
FINAL REMARKS
This article touched only on a small part of the subject which grew out of Hilbert's Tenth Problem. In particular, we did not discuss a great number of results on the analogs of HTP over different kinds of functions fields and infinite algebraic extensions, and also rings where the problem becomes decidable. We refer the interested reader to the following surveys and collections for more information: [9] , [22] and [33] .
